We investigate a type of Hermite orthogonal polynomials on r lines in the plane which have a common point at the origin and endpoints at the r roots of unity and we show that their related Hermite functions are eigenfunctions of a differentialdifference operator. A supersymmetric harmonic oscillator on r radial lines is presented and analyzed. Its eigenfunctions are given in terms of these polynomials.
Introduction
In [9, 10, 11] , the authors formulated a supersymmetry quantum mechanics for onedimensional systems by using difference-differential operators known in the literature as Dunkl operators [15, 5] . One of its characteristic features is that both a supersymmetric Hamiltonian and a supercharge component involve reflection operators. In addition their related wave functions are expressed in terms of Hermite orthogonal polynomials H n (x), which are orthogonal polynomials over the real line R with respect to the weight function w(x) = e −x 2 , so that Another realization of supersymmetric quantum mechanics, called minimally bosonized supersymmetric quantum ( it does not involve the presence of spin-like degrees of freedom) is to take the reflection operator (Rψ)(x) = ψ(−x), as a grading operator. With the supercharges Q and Q † having the expression
where U(x) is an even function and V (x) is an odd function. The following Hamiltonian H, given by
In [9] , the authors considered a simple example of supersymmetric quantum mechanics given by the following Hamiltonian:
where R is the reflection operator acting as: (Rψ)(x) = ψ(−x), and the supercharge Q is given by
In this paper we will extend the Hermite polynomials to polynomials on r lines. We consider a special configuration for the r lines by having one common point 0 and passing through the r roots of unity ω j r , j = 0, . . . , r − 1 with ω r = e 2iπ r . see Figure 1 . To preserve the symmetry, we take a weight function w(x) = |x| 2ν e −x 2r and a measure µ j , which is supported on the line δ j = ω j r R, j = 0, . . . , r−1 with w(x) as its Radon-Nikodym derivative. The orthogonality relations for the type Hermite polynomials H (r,ν) N (x) on the radial lines are then given by
In particular when r = 1 and ν = 0, we have the standard case of the Hermite polynomials H n defined in (2.9). It is interesting to know what kind of supersymmetric Hamiltonian involving reflection operators admits exact eigenfunctions which are expressible in terms of the Hermite type orthogonal polynomial on the radial lines. In the literature we found various type of polynomials which are orthogonal polynomials on radial lines in the complex plane, see for instance [7] . In particular, Milovanović studied a generalized Hermite polynomials related to the following inner product [6] f, g = 2r−1
We study the particular when r = 1 in section 2 and in section 3 we investigate the generalized Hermite polynomials on the radial lines. In section 4 we give a new Dunkl type operator, which intrinsically connect with the earlier sections. Using this operator a supersymmetric harmonic oscillator on r radial lines is presented and analyzed. Its eigenfunctions are given in terms of the Hermite polynomials on the radial lines.
Generalized Hermite polynomials on the real line
Recall that the R-deformed Heisenberg algebra is generated by a, a † and R [a,
which possesses unitary infinite-dimensional representations for ν > −1 acts as follows on the sates |n, ν
where
A realization of this algebra is given by the operators
where D ν is the Yang-Dunkl operator
The bosonic oscillator Hamiltonian associated to the R-deformed Heisenberg algebra is given by
The wave function corresponding to the well-known eigenvalue
are given by
n (x) is the generalized Hermite polynomials. It is well known that for ν > − 
They satisfy the orthogonality relations :
where γ
and [x] denotes the greatest integer function. We introduce the following supercharge operator Q
After evaluating Q 2 , we get the following form for a supersymmetric Hamiltonian
The spectrum of H is easily obtained by observing that
14)
It follows
The spectrum of H consist only for the even number starting with zero. Each level is degenerate except for the ground states which is unique.
Hermite orthogonal polynomials on the radial lines
Let r be a fixed odd integer r ≥ 2, and ω r be a rth primitive root of unity, i.e, ω r = e 2iπ r . In this section we investigate orthogonal polynomials relative to the following inner product
Observe that
except when f = 0, then (3.1) define an inner product. Following the steps of [6, 7] , we can prove the existence of orthogonal polynomials H (r,ν)
We normalize these polynomials so that the coefficient of
] .
Proposition 3.1. We have
Proof. Let q(x) is an arbitrary polynomial of degree at most N − 1, we have
Since the degree of q(x) is less than N − 1 , then ω N (x)} satisfy the following orthogonality relations 6) where
Furthermore, the polynomials {H (r,ν)
N (x)} can be expressed in terms of the generalized Hermite polynomial H (r,ν)
where s = 0, . . . , r − 1 and
Proof. From Proposition 3.1, the polynomial H (r,ν)
N (x) can be written uniquely in the form
The existence of the polynomials {H (r,ν)
N (x)} is reduced to the existence of polynomials orthogonal on R with respect to the weight function |x| 2νs e −x 2r . From (2.10) we obtain H N (x)} on the radial lines satisfy the three terms recurrence relations
Proof. The recurrence relation (3.16) follows from the following recurrence relation for the generalized Hermite polynomials H (ν)
where θ n is defined in (2.3)
Dunkl harmonic oscillator on the radial lines
Let P be the real vector space of all polynomials in one variable with real coefficients. For each odd integer r, we denote by s r the complex reflection acting on f ∈ P as (s r f )(x) := f (ε r x), ε r = e Obviously
Notice the important property of the operator Y ν that is: it sends the linear space of polynomials of degree less than n to the space of dimension n − r. In particular, this means that there are no polynomial eigenfunction of this operator.
Proposition 4.1. We have
Proof. We need the following relations for Laguerre polynomials [5] x dL 12) If N = 2nr + s with 0 ≤ s ≤ r − 1, then by (4.12) we have
Combine (4.10) and (4.11) to get
(4.14)
If N = 2nr + r + s with 0 ≤ s ≤ r − 1, then from (2.9) and (4.14) we can write
The result follows from (4.6) and the following form for the operator Y ν
Proposition 4.2. The generalized Hermite polynomials satisfy the following differentialdifference equation:
Proof. From the recurrence relation (3.16) and (4.9), we have
This yields
We apply the operator Y ν to the two members of (4.17) and we use (4.9) , to obtain
We introduce the parabosonic creation and annihilation operators 
The Hamiltonian H 0 assumes the form
Define the Hermite functions on the radial lines by
2 H (r,ν)
N (x), (4.22) where
An easy computation using Propositions 3.2 and 3.3 leads to the following results:
It immediately follows that
Proceeding similarly as [2] , we can decompose every function f : δ → C uniquely in the form
It is clearly that the function f j satisfies f j (ω As a direct consequence we notice that the projections Π j , j = 0, . . . , 2r − 1, are selfadjoint that is
One can also verify that the multiplication operator by x r is also self-adjoint
Proof. We have
Performing integration by parts, the first term (I) becomes
For the second and the third terms we use the fact that Combining these equations we get
Thus from (3.6), the system {h (r,ν)
N (x)} is an orthonormal set in L 2 ν (δ) and it is complete by same argument used to prove that the classical Hermite functions form a complete orthogonal set in L 2 (R, dx) see [1] .
Theorem 4.4. The operator H with domain D(H) = S(δ) is essentially self-adjoint; the spectra of its closure is discrete and given by 
